The spherical harmonics can always be factorized into a -dependent factor and a -dependent factor. We will focus on the  integral in Eq.(B.1). When the  integral is calculated, all the other variables in Green's function, 1  , 2  and t, can be regarded as constants. Because the system is symmetric in-plane, i.e., in terms of azimuthal angle, Green's function can be written ( , ) W t  is the probability a single transition dipole moment is pointing the direction of  .
Based on their solution, they showed that in case the half-cone angle satisfies 60 C    the correlation functions we need here are almost perfectly approximated by
where the C coefficients are the functions of cone angle C  :
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Eqs.(C.3), (C.5) and (C.12) are necessary to calculate the response functions for a transition dipole wobbling in a normal cone.
Tilted Cone
A tilted cone is illustrated in Figure S1 . Here we derive the correlation functions of the spherical harmonics for a transition dipole in the titled cone in the surface frame (S); these are used in Eqs. (II.21), (II.22) and (II.31) to calculate the response functions. In the conical frame Figure S1 , the correlation functions are clearly given by
Once the spherical harmonics in surface frame can be expressed in terms of those in conical frame, then the correlation functions can be calculated using Eq. (C.13). Addition theorem for the spherical harmonics can be used for this purpose: 
Here, the orthogonality of the spherical harmonics in the conical frame is used. Eq. (C.17) is the correlation function for a cone tilted to a specific azimuthal direction specified by SC  . Because of the in-plane symmetry of the surface, the azimuthal direction of the primary axis of the cones should be randomly oriented on the surface. Then, the actual ensemble average correlation functions in the surface frame can be calculated by 
Using (C.13), together with (C.2)-(C.5) and (C.12), (C.19)-(C.22) can be written more explicitly as 
It should be noted that under the approximations given in Eqs. (C.10) and (C.11), the timedependent correlation functions decay as bi-exponentials, which leads to bi-exponential decays in the orientational response functions.
From (C.23) and (C.25), the correlation functions at infinitely long time are given by
which are dependent both on the cone angle C  and the tilt angle tilt  .
Consideration of the Roughness of the Surface
The addition theorem of spherical harmonics can be also used to take local roughness of the surface into account. By surface roughness, we mean that local macroscopic regions of the surface are tilted at various angles relative to an ideal perfect plane. Variations in the thickness of a monolayer do not matter. In case the surface is rough, the frame in which the correlation functions are calculated is tilted from the actual surface frame by a certain angle. This is exactly the situation that occurs in the transformation from conical frame to surface frame discussed above. Thus the same strategy can be employed here. The spherical harmonics correlation functions for rough surface can be calculated by Prior to Section V, all of the beams are collinear, so the polarizations are the same in the beam frame and the lab frame.
As discussed in the text, for the pump-probe geometry in Figure 9A 
Transient Grating Geometry -Beams in a Plane
In the configuration shown in Figure 9B 
In case  = 0°, as shown in Eqs. (II.6) and (II.7), the E-fields in lab frame (L) and surface frame 
(cos sin )(cos sin )
To make the calculation clear, the following integral is defined:
The spherical harmonics representations for S  (surface frame) are listed in 
The same procedure can be followed to calculate 
BOXCARS Geometry
To calculate the response functions for both  = 0 and   0 (shown in Figure 10A 
The polarizations in the lab frame (L) have to be again converted to surface frame (S) especially when sample's tilt angle  is not zero. In addition to Eqs. (II.8) and (II.9), the following conversion formula to convert ˆL Z  to surface frame is necessary:
For example, Eq. (D.7) can be converted to surface frame in the form of 1ˆˆĉ os sin sin sin cos
Other input polarizations can be converted to the surface frame as well. Then, for example, the XXXX signal for a tilt angle χ can be written as
The orientational response functions can be written in the spherical harmonics representation using 
cos cos( ) cos cos sin( ) sin To be in the small angle limit, the acceptable crossing angle must be determined. (II.27), and it can be obtained from time averaged linear dichroism measurements.
In a typical experiment with BOXCARS geometry (Figure 10A ),  will be less than 10°.
In Figure 10A , if  is 10°, the angle formed by beams B2 and B3 is 20°, which is large for most experiments. We will consider the errors introduced by the approximations for arise from a range of C  and tilt  , there is a vertical width for each order parameter. As seen in Figure S2 .A and S2.B, over a wide range of order parameters, the errors are less than 2%.
However, the error becomes significant as the order parameter increases, and range of acceptable errors is greater for smaller crossing angle . As the order parameter approaches 1, not even a small crossing angle is useful in suppressing the errors. For large order parameters the planar HDTG geometry ( Figure 9B ) should be used, or a pump-probe experiment ( Figure 9A ) can be performed. These experiments do not require the approximations that are necessary for the HDTG experiment with BOXCARS geometry ( Figure 10A ). 
Fluorescence geometry
As shown in Figure 10B 
